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The interrogation of an ultra-narrow lok transition of a single trapped ion for optial frequeny
metrology requires a laser stabilized to a ouple of Hz per seond with a linewidth of the same
order of magnitude. Today, lasers in the visible have reahed the Hz-range in frequeny stability,
if loked onto a high-nesse, ultra-stable referene avity. Vertial mounting of the referene avity
an redue its sensitivity to vibrations as desribed in [1℄. We have designed a omparable vertial
avity with an overall length of 150 mm resulting in a Free Spetral Range of 1GHz. Optimisation of
the avity design has been arried out with a Finite-Elements Method, leading to expeted relative
length variations below 10
−14
under the inuene of gravity aeleration (1 g). The variation of
dierent geometri parameters has been studied. The analysis of the dierent noise soures shows
that, for a regime superior to a tenth of a hertz, the fast linewidth of the laser will not be limited
by the avity harateristis.
PACS numbers: 42.60.Da Resonators, avities, ampliers, arrays, and rings, 42.62. Laser appliations,
07.05.Fb Design of experiments
I. VIBRATION INSENSITIVE OPTICAL
REFERENCE CAVITY
Frequeny metrology in the optial domain is made by
loking a spetrally pure laser soure to the ultra-narrow
transition of an ensemble of atoms or a single trapped ion.
The reording time of the error signal whih is fed bak
onto the laser, whih serves as loal osillator, depends
on the interrogated system, it an be of the order of a
seond for single ions. For all times shorter than that this
laser should be stable to better than one atomi linewidth
whih is of the order of one Hertz for the various systems.
Extremely well isolated, high-nesse optial avities
are used as frequeny referenes to assure the stability
of visible lasers for timesales up to one seond, they
also allow to redue the laser's linewidth to the order
of the hertz [2℄. Reently, new geometries and mounting
ongurations have been proposed for these avities in
order to redue vibrational eets whih tend to deform
the avity and thus an shift its resonane frequenies
[1, 3, 4, 5℄.
In this work, we onsider a vertially mounted avity.
Minimal length variations of the avity an be ahieved
by hoosing a tapered form for the avity spaer. The
gain with respet to a horizontally mounted, ylindri
avity an be as large as two orders of magnitude and
with less stringent mahining onditions [1, 6℄. Vibra-
tionally insensitive mounting is made by supporting the
avity near its midplane. As a matter of fat, under up-
ward aeleration the upper part of the avity will be
ompressed while the lower part tends to expand. An
ideally supported avity will show a perfet ompensa-
∗
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tion of both eets. Optimisation of the geometry and
appropriate hoie of the supporting points an be made
by numerial simulation of the avity using a nite ele-
ment analysis (FEA).
Here, we present details of the FEA, whih has been
arried out in a similar way to the one desribed in [6℄.
In partiular, Chen et al. have also demonstrated that
the simulation in the range below some tens of kHz an
be made by a stati approah, as the wavelength of the
exited eigenfrequenies is estimated to be an order of
magnitude larger than the dimensions of the avity. In
the present work, we have investigated the inuene of
dierent aspets of the spaer's geometry, as there are
the variation of the one angle, the position and the angle
of the evauation bores, as well as the inuene of ham-
fers. Furthermore, we have estimated the overall thermal
noise of the designed avity, and derived its limit frequen-
ies utuations at a time sale of one seond. Dierent
noise soures, as well as limitations in the stabilization
method, will determine the nal linewidth of the laser lo-
ked onto this avity. In the present work, we onentrate
on ontributions whih are due to the avity's mehani-
al or thermal properties only. This gives a lower limit
for the estimate of the nal laser linewidth, with the goal
to design a avity whih will be not the limiting fator in
the nal laser stabilisation stage.
Our appliation is the interrogation of a single Calium
ion stored in a miniature trap for metrologial applia-
tions [7℄. Exitation of the ultra-narrow eletrial qua-
drupole transition at 729 nm has been made by a broad-
area laser in an extended avity set-up [8, 9℄, before using
the atual set-up of a lab-built titanium-sapphire laser at
729 nm whih will be loked by the Pound-Drever-Hall
method [10℄ onto a high-nesse (F ≃ 105), xed-length
optial referene avity. We aim an inherent stability of
better than 1 Hz/
√
Hz for the lok laser. For prati-
2Fig. 1: Typial geometry of the simulated avity. Only a third
of the spaer is modeled, the simulations take into aount the
symmetry of the spaer. For detailed explanations see text
al reasons we have hosen a free spetral range (FSR)
of 1 GHz, resulting in the overall length of the avity
of 150 mm. A length utuation of 10
−9
, or 0.15 nm on
the optial avity orresponds to a frequeny shift of one
Hz. To guarantee a high degree of mehanial as well
as thermal stability the avity spaer is made of ultra-
low expansion glass (Corning ULE
r
), whereas the mir-
ror substrates are from fused silia [11℄. The optimized
design of this referene avity is the subjet of this paper.
II. FINITE ELEMENT SIMULATION
We have hosen the vertially mounted, tapered a-
vity geometry whih has been shown to be vibrationally
insensitive [1, 6℄. The geometry of the designed avity
is shown in Figure 1, it has been mahined from a single
piee of Corning ULE
r
. The mirrors are optially onta-
ted to the spaer, they have a diameter of 25.4 mm and
a thikness of 6 mm. The FEA takes into aount two
plane fused silia mirrors, even though one of them has
a radius of urvature of 1 m, the minimal geometrial
dierene is negligible. The entral bore has a diameter
of 10 mm, giving ample spae for the avities' TEM00
mode whih has a alulated waist diameter on the mir-
rors below 0.5 mm. Three bore holes in the upper part
of the avity allow evauation of the inner part for the
avity whih is destined to be mounted in a vauum ves-
sel. The avity is held vertially by three erami posts
whih support the entral ollar. The aim is to support
the avity in a plane whih orresponds to the vibrational
"neutral ber" of the piee, and to therefore minimize its
sensitivity to vertial vibrations.
FEA has been used to optimize the geometry of the
ULE spaer as well as to exatly determine the position
of the equilibrium support plane. This latter has been
determined in a two-step proedure. In a rst phase, si-
mulations of the avity geometry have been arried out
to determine the optimal shape and dimensions, for a
xed overall length of 150 mm. The avity has then been
mahined, and on the nished spaer all dimensions have
been measured interferometrially to a hundredth of a
millimeter. In a seond step, the avity has been upda-
ted numerially with the measured values, and the FEA
arried out one again to preisely determine the equili-
brium plane of support.
All nite element simulations have been arried out
using the Cosmos module of the Solidworks software [12℄
on a personal omputer. The present analysis xes the
plane of support and alulates the deformation of the
avity under vertial aeleration of 1 g. This aelera-
tion is assumed uniform and onstant in the relevant fre-
queny range up to 10 kHz. Chen et al. [6℄ have shown
that for a tapered avity spaer the inuene of horizon-
tal aeleration is at least two orders of magnitude lower
than vertial aeleration. A grid of probe points on ru-
ial parts of the avity (essentially on the mirror surfaes,
see gure 1) has been dened. Their positional deviation
allows to measure the deformations of the avity spaer
in a quantitative way.
To determine the optimal support plane Ce with prei-
sion, two points C1, C2 (see gure 1) suiently apart are
hosen, then the respetive length variation of the spa-
er is alulated. The results are linearly interpolated to
determine the equilibrium support plane Ce, orrespon-
ding to a zero theoretial length variation. Throughout
simulations, the olleted frational length variations are
inferior to 3 × 10−12 (down to values of 5 × 10−13). In
terms of vertial aeleration sensitivity this orresponds
to a domain below 1.2 kHz/g at 729 nm.
III. SIMULATION RESULTS
A rst series of simulations has determined an opti-
mized tapered avity with a length of 150 mm, and an
outside one angle α/2 of 14 degree (see Figure 1), we will
use this geometry as a starting point in the following.
Our aim is to investigate the dependene of the a-
vity geometry on dierent geometrial aspets, in order
to hoose a avity design with a redued sensitivity to
mahining unertainties. For a quantitative study of the
sensitivity of the geometry to the variation of a given
geometri parameter, a parameter S has been dened to
be S = |(∆L2 −∆L1)/(C2 − C1)|, where small hanges
in the height of the probe points Ci give rise to length
variations of the spaer ∆Li. We have hosen to vary Ci
for ±0.01 mm and ±0.1 mm.
In order to optimize omputing ressoures, the avity
is ut along its symmetry axes, and only one third of it
is simulated. Computer performane and memory limit
the minimum mesh size to 1 mm. Convergene of simu-
lations to a hundredth millimeter an be obtained with
mesh sizes as large as 3 mm by manually foring a tighte-
ned mesh distribution insisting on ritial aspets as for
example the support points, and the evauation bores.
The one angle α/2 is the outside angle of the two
halves of the spaer with respet to the entral bore. A
ylindrial avity would have an angle of 0
◦
. Figure 2
shows the variation of position of the equilibrium plane
3as a funtion of the outside one angle. Lower one angles
tend to show a smaller sensitivity, a result whih is in
agreement with the ndings of [6℄, but the overall varia-
tion is very small. The dierential minimal displaement
of the mirrors an be made to reah values below 10
−11
.
Fig. 2: (Color online) Variation of the half one angle of the
spaer body. The upper part of the image shows the modi-
ation of the spaer's shape with inreasing one angle. The
lower part represents the sensitivity S (bullets, right axis) to
the variation of the one angle and is of the order of 10
−11
, dif-
ferent points represent a dierent Ci in the simulation. The
resulting variation of the height of the support plane (tri-
angles, left axis) is inferior to a tenth of mm.
The realisation of the ULE
r
avity by a milling ma-
hine inevitably reates rough edges on the inexion
points of the omplex shape. In glass mahining, beveling
is often made by hand, making it diult to estimate the
inuene of the dierent hamfers. We have tested the in-
uene of hamfers 0.6×0.6 mm2 on the preision of the
proposed simulation. Suppressing hamfers in the simu-
lation of a avity results in a theoretial displaement of
the equilibrium plane of 36 µm with respet to the a-
vity where the hamfers are taken into aount. This tiny
value is of ourse negligible ompared to the mahining
preision of 0.1 mm.
Figure 3 shows the eet of position and angle of the
three evauation bores on sensitivity and referene plane.
The left part of the gure represents the angle of the holes
with respet to the entral referene plane, 0 degree or-
responds to holes perpendiular to the entral bore, an
Fig. 3: (Color online) Variation of the angle (left graph) and
position (right graph) of the evauation bores. Triangles in-
diate the alulated position of the equilibrium plane on the
outside ordinate (the line is a guide to the eye), while the
spherial points display the alulated sensitivity for the dif-
ferent Ci on the entral ordinate.
angle of 14 degree orresponds to holes whih are drilled
in a right angle to the outside of the one. The observed
sensitivity is of the same order of magnitude for both
ongurations. This is also true for the variation of the
height of the evauation bore (with 0 angle). Neverthe-
less, it is evident that the absolute value of the equili-
brium plane Ce varies for these dierent geometries.
In onlusion, among the studied geometri parame-
ters, the variation of the one angle is the most ritial
parameter during realization of the avity spaer. The
obtained simulations give very preise results, and me-
trology of the avity will result in values preise to a
hundredth of a mm. However, the mahining proess of
the glass spaer and mirrors is limited to a preision of
a tenth of a mm. Moreover, one angles or angled bores
are often realized with less preision.
In order to minimize errors during the mahining pro-
ess, and to be able to ahieve the aimed preisions, an
optimized realization protool would rst drill all the
bores along axes or perpendiular to axes on a ylindri-
al spaer. The outside angle of the spaer would only be
mahined in a onseutive step. Preise metrology of the
spaer would then allow to alulate the ideal support
plane with preision, before milling it in a last step.
IV. ESTIMATION OF THE LIMIT LINEWIDTH
Considering the avity only, without a laser-beam in-
trodued, a major part of the noise is due to inherent
mehanial thermal utuations. We have estimated the
thermal noise limit whih aets the ultimate response
of the designed avity. Following the study by Numata
4et al. [11℄, the onguration to reah minimal thermal
noise has been hosen, whih onsists of an ULE
r
spa-
er with fused silia mirror substrates. The thermal noise
limit an then be estimated by the sum of the spetral
noise density ontributions oming from the spaer body
(Gsp), the mirror substrates (Gsub), and the mirror oa-
tings (Gc)
Gtotal(f) = Gsp(f) + 2 [Gsub(f) +Gc(f)] (1)
= −4kBT
2pif
[
L
3piR2Esp
Φsp +
2(1− σ2)√
piω0Esub
Φsub + (1 − 2σ)(1 + σ) 4d
piω20Ec
Φc
]
(2)
where T is the temperature, hosen to be 300 K, d
the diameter of the mirror substrate and ω0 the waist
of the avity mode. The non-ylindrial geometry of
the avity spaer leads us to hoose onservative values
for the spaer length, L=0.15m, and radius R=0.03m.
Young's modulus, E, and the Poisson ratio, σ, desribe
the elasti and ompressional behaviour, they depend
on the hosen material just as the mehanial loss fa-
tor, Φ, independent of frequeny. For ULE these va-
lues are EULE = 6.76 × 1010Pa, σULE = 0.17 and
ΦULE = 1/(6×104), the values for fused silia are slightly
dierent with EFS = 7.27 × 1010Pa, σFS = 0.16 and
ΦFS = 10
−6
[13℄. The resulting value for the omplete
avity is
√
Gtotal(f) = 2.5× 10−17m/
√
Hz, where by far
the largest ontributions ome from the mirror oatings
and substrates.
We have heked that all other noise soures in the
laser stabilisation are negligible to the presented values.
Variations of the refrative index of air due to pressure
utuations are largely redued as the avity is moun-
ted in a vauum vessel. At a residual pressure of 10
−6
mbar, they will ontribute to the noise spetral density
by less than 10−23/
√
Hz (10−8Hz/
√
Hz frational). The
shot noise spetral density of a photodiode (required for
the eletroni lok) is below 8×10−5Hz/
√
Hz for a ol-
leted input power of P = 1mW and a typial quantum
eieny of 0.9. And nally, the intensity utuations of
a laser oupled into a avity of nesse 10
5
will give rise
to thermal eets in the mirror oatings as well as a ra-
diation pressure shift. While the rst eet is negligible
small due to very low absorption values, the seond term
sums up to a frequeny utuation of 0.05 Hz for 1 mW
of laser power utuating less than 1% [14℄.
Assuming that the ontributions of equation 2 are the
limiting noise fators for the performanes of the refe-
rene avity we an use Halford's theorem [15℄
+∞∫
∆ν/2
Gtotal(f)
f2
df =
2
pi
(3)
to estimate the limit laser linewidth ∆ν from the frequen-
ies' spetral noise density Gtotal(f). The above-ited va-
lues orrespond to a limit linewidth of 120 mHz.
Reent works on highly stabilized visible lasers disuss
the lok onto ULE
r
avities with the aim to work at
the material's thermal expansion's inexion point in or-
der to minimize thermal drifts [5, 16, 17℄. Ative thermal
stabilisation of the overall set-up allows to approah this
inexion point with a typial auray of about 10 mK.
The resulting thermal drift is of the order of 2-4 Hz/mK.
Three additional stages of passive thermal shielding al-
low to integrate temperature utuations on the avity
to reah an stability of the order of 10 µK per seond.
The orresponding linewidth utuations are thus muh
smaller than the above disussed thermal noise features
due to mehanial loss.
V. CONCLUSION
In this presentation of the design of a vibrational-
insensitive, high-nesse optial referene avity, we have
investigated the sensitivity of the avities' geometry to
some oneptual details. With respet to the design of
the avity, the outside angle of the spaer (determining
the shape) is the most sensitive parameter among those
studied here. The presented avity has a thermal noise
limit orresponding to a linewidth of ∆ν = 0.12 Hz, if the
avities' temperature an be stabilized to within 10 mK
of its CTE inexion point. This ritial value is often
shifted to very low or even negative temperatures for a
avity with fused silia mirrors, making the temperature
stabilisation a more omplex operation. The addition of
an ULE-ring on the mirror substrates is a means to shift
the operational temperature into an easily aessible do-
main [18℄.
The presented values have to be ompared to the spe-
tral linewidth of the avities' Airy peaks of a few kHz.
Advaned frequeny ontrol methods have their maxi-
mum of gain in the spetral bandwidth of the avity
peak, they allow linewidth redutions of more than three
orders of magnitude for the realisation of 1Hz-linewidth
lasers [1, 3, 10, 14, 19℄. The presented linewidth estima-
tion is only one order of magnitude below these results,
demonstrating that the avity is not the limiting fator.
However, this illustrates the importane of the hoie of
mirror and spaer materials as well as the areful design
5of the avity.
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